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PRECALCULUS:**LIMITS*AND*CONTINUITY*
*
2.1:*Limits*
!
!

Limit!notation:!
!
!
!
!
Example!1:!!Find!the!limits!graphically.!
!
a)!! ! ! ! !!!!!b)! ! ! ! ! !!!!!!!!!c)!!! ! ! ! !
! !
!
!
!
!
!
!
!
!
!! !! =

→
)(lim

1
xf

x
! ! ! ! !!!!!!! =

−→
)(lim

2
xg

x
! ! ! ! !!!! =

→
)(lim

1
xh

x
!

!
! f(1)!=!! ! ! ! ! !!!!!!!!f(>2)!=!! ! ! ! ! !!!!f(!1)!=!!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
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Properties*of*Limits*
!
If!L,!M,!c,!and!k!are!real!numbers!and!!   then,)(lim    and    )(lim MxgLxf

cxcx
==

→→
!

!
1. Sum!Rule:!! ( ) MLxgxf

cx
+=+

→
)()(lim !

2. Difference!Rule:! ( ) MLxgxf
cx

−=−
→

)()(lim !

3. Product!Rule:! ( ) MLxgxf
cx

⋅=⋅
→

)()(lim !

4. Constant!Multiple!Rule:!! ( ) Lkxkf
cx

⋅=
→

)(lim !

5. Quotient!Rule:!! 0  ,
)(
)(lim ≠=""
#

$
%%
&

'
→

M
M
L

xg
xf

cx
!
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Example!2:!!Find!the!limit!algebraically!confirm!graphically.!

a) ! 63lim 23

2
−+

→
xx

x
! ! ! b)!!!

3
45lim

2

1 −

−+
→ x

xx
x

! ! ! c)!!!
4
6lim 2

2

2 −
−+

→ x
xx

x
! !

! ! ! ! !
!
!
!
!
!
!
!
!
!

d)!! lim
x→−2

x3 −8
x − 2

! ! ! ! ! e)!! lim
x→2

x3 −8
x − 2

! ! ! ! f)!! lim
x→−3

1
x +3

!

!
!
!
!
!
!
!
!
!
!
g)!! lim

x→2
x + 7 − 5 !

!
!
!
!
!
!
!
!
!
!
Right!handed!limit:!
!
!
!
Left!handed!limit:!
!
!
!

Theorem:!!One>sided!and!Two>sided!Limits!
!
!
!
!
!
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Example!3:!!Use!the!graph!to!show!that!the!limit!does!not!exist:!

!!!!!a)!!!! =
−→ 2

lim
2 x
x

x
!!!! ! ! ! ! ! !!b)!!!! lim

x→0

sin x
x

!

!
!
!
!
!
!
!
!
!
!
Example!4:!!Right>!and!Left>Handed!Limits!
!

Use!the!graph!of!y!=!f(x)!to!find!the!following!limits!
!
!
! ! ! ! ! !
! ! ! ! !!
!
!
! ! ! ! ! !
! ! ! ! !!
! ! ! ! ! !
! ! ! ! ! !
! ! ! ! ! !
! ! ! ! ! !
! ! ! ! ! !
!
! ! ! ! ! !
! ! ! ! !!
! ! ! ! ! ! !
*
Example!5:!!Evaluate!the!right!and!left!hand!limits!algebraically.!!Confirm!graphically.!

a)!!! f (x) = x2 +3   x < 0
2x − 5   x ≥ 0

#
$
%

&%
! ! ! ! ! ! ! ! ! ! !

! ! ! !!

At*the*
point*

Left@Handed*
Limit*

Right@Handed*
Limit* Limit*

x!=!0! ! =
+→

)(lim
0
xf

x
! =

→
)x(flim

0x
!

x!=!1! =
−→

)(lim
1
xf

x
! =

+→
)(lim

1
xf

x
! =

→
)(lim

1
xf

x
!

x!=!2! =
−→

)(lim
2
xf

x
! =

+→
)(lim

2
xf

x
! =

→
)(lim

2
xf

x
!

x!=!3! =
−→

)(lim
3
xf

x
! =

+→
)(lim

3
xf

x
! =

→
)(lim

3
xf

x
!

x!=!4! =
−→

)(lim
4
xf

x
! ! =

→
)x(flim

4x
!

x 

y 

1         2          3         4 

2     
 
 
1 

y = f(x) 

lim
x→0+

f (x) =  

 
lim
x→0−

f (x) =  

 
lim
x→0

f (x) =  

 
f(0) =  
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!
!

b)!!! g(x) = −2x2    x < −2
3x +1   x ≥ −2

#
$
%

&%
! ! ! ! ! ! ! ! ! ! !

! ! ! ! ! ! ! ! ! ! ! ! ! ! !

! ! !!
!
!
!
!

c)!!h(x) =
x2 − 2   x < −3
2    −3≤  x <1
2x −1  x ≥1

$

%
&

'
&

! ! ! ! ! ! ! ! ! ! !

! ! ! ! ! ! ! ! !
! ! ! ! ! ! ! ! !
! ! ! ! ! ! ! ! !
! ! ! ! !

! !
!
!
!
!
!
*

*
*

lim
x→−2+

g(x) =  

 
lim
x→−2−

g(x) =  

 
lim
x→−2

g(x) =  

 
g(-2) =  
 

lim
x→−3+

h(x) =  

 
lim
x→−3−

h(x) =  

 
lim
x→−3

h(x) =  

 
h(-3) =  
 
lim
x→1+

h(x) =  

 
lim
x→1−

h(x) =  

 
lim
x→1

h(x) =  

 
h(1) = 
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*
2.2:***Limits*Involving*Infinity*
*
!
!
!
!
!
!
!
!
!
Example!1:!!Finding!a!Limit!as!x!Approaches!Infinity!

!!!!!a)! =
∞→ x

x
x

sinlim !! ! ! ! ! ! b)! =
+

∞→ x
xsinx3lim

x
!

!
!
!
!!!!!!
!
!
!
Example!2:!!Find!the!vertical!or!horizontal!asymptotes!of!each!function.!

a)!!!
2
1)(
+

=
x

xf ! ! ! !b)!!!
9
112)( 2

2

+
−

=
x
xxg ! ! ! c)!!!

65
32)( 2

2

−+

−+
=

xx
xxxh !

!
!
!
!
!
!
!
!
Example!3:!!Finding!End!Behavior!Models!
!!!Find!the!end!behavior!for!

a) !!
532
453)( 2

234

+−
+−+

=
xx
xxxxf ! ! ! b)!!!!!

85
342)( 2

2

+
+−

=
x
xxxf !

!
!
!
!
!
!
Example!4:!!Using!Substitution.!

a) !
"

#
$
%

&
∞→ xx

1sinlim =! ! ! ! ! ! b)!! !
"

#
$
%

&
+

∞→ xx

52lim !

!
!
!

Horizontal Asymptote: 
 
 

Vertical Asymptote: 
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!
2.3:**Continuity*
!
!
**
*
*
*
*
*
*
*
!
!
!
Example!1:!Finding!Continuity!Graphically!

a) Where!is!f(x)!continuous?!!

!

b) Not!Continuous?!!!

!

c)!!!Compare!this!to!the!limits!at!these!values.!
!
!
!
!
!
!
Types*of*Discontinuity*
!
Removable!Discontinuity:!! ! ! ! ! Jump!discontinuity:!
!
!
!
!
!
!
!
!
!
!
Infinite!discontinuity:!! ! ! ! ! Oscillating!discontinuity:!
!
!
!
!
!
!
!
!

x 

y 

    1       2        3       4 

 2     
 
 1 

y = f(x) 

   1 

    -1 

f(x) g(x) h(x) 

f(x)= 
2

1
x

 

g(x) = 
x
1sin  

Continuity*at*a*Point*
! Interior!point:!A!function!f(x)!is!continuous!at!an!interior!point!c!of!its!domain!if!

! ! ! ! ! )()(lim cfxf
cx

=
→

!

!
! Endpoint:!!A!function!f(x)!is!continuous!at!left!endpoint!a!or!its!right!endpoint!b**
***********************************of!its!domain!if!
!!!
! ! ! ! ! !!or!!!  
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!

Exploration!1:!!!!!Let!f(x)!=!
9
67

2

3

−
−−

x
xx

!

!
1. Factor!the!denominator.!!What!is!the!domain!of!f?!
!
!
2. Investigate!the!graph!of!f!around!x!=!3!to!see!that!f!has!a!removable!discontinuity!at!x!=!3.!

!
!
3. How!should!f!be!defined!at!x!=!3!to!remove!the!discontinuity?!!Use!zoom>in!and!tables!as!

necessary.!
!
!
4. Show!that!(x!–!3)!is!a!factor!of!the!numerator!of!f,!and!remove!all!common!factors.!!Now!compute!

the!limit!as!x→3!of!the!reduced!form!for!f.!
!

!
!
5. Write!the!extended*function!so!that!it!is!continuous!at!x!=!3.!
!

******x!≠!3!
g(x)!=!!

! ! ! ! ! ! !!!!!!x!=!3! !!!! !
!
! ! **The!function!g!is!the!continuous!extension!of!the!original!function!f!to!include!x!=!3.!
!
Example!1:!!Determine!if!each!function!is!continuous!without!graphing.!

a)!! f (x) = 3x + 2  x < 0
x − 4   x ≥ 0

#
$
%

! ! b)! f (x) = x2 −3  x < −1
x −1   x ≥ −1

#
$
%

&%
! ! c)!! g(x) =

3− x    x < 2
2        x = 2
x
2

      x < 2

"

#

$
$

%

$
$

!

!
!
!
!
Example!2:!!Determine!the!value!for!z!so!that!the!function!is!continuous.!

a)!! f (x) = 2x +3  x ≤ 2
ax +1   x > 2

"
#
$

! ! ! ! b)!! f (x) = x2 + x + a  x <1
x3              x ≥1

"
#
$

%$
!


